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Abstract 

Weak measurement with a coherent state pointer and in combination with an 
orthogonal postselection can lead to a surprising amplihcation effect, and we 
give a fire-new physical mechanism about the weak measurement in order to 
understand this effect. Moreover, this physical mechanism is a general result 
and based on it, we present a scheme of optomechanical system to implement 
weak measurement amplification on an orthogonal postselection. 
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1. Introduction 

Weak measurement was proposed by Aharonov, Albert and Vaidman in 
1988 [ij. Initially the concept of weak measurement gives rise to some con¬ 
troversy, but soon its physical meaning was clarified |2|. Today weak mea¬ 
surement becomes one of the most prospective research tools and it has been 
applied to various context including foundational questions in cmantum me¬ 
chanics 0,8 and some counter-intuitive quantum paradoxes Q. In weak 
measurement, a pointer is weakly coupled to the system to be measured. 
Contrast to the project quantum measurement, the output signal of the 
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pointer in a weak measurement can be far beyond the range of the eigen¬ 
values of the system’s observable if the width of the initial wave function of 
the pointer is quite large. Such a result is attributed to the interference of 
two or more slightly displaced Gaussian states after a near-orthogonal post¬ 
selection on the measured system [H, |^. Most recently it is revealed that 
weak measurement can help to measure small physical quantities Q or en¬ 
able sensitive estimation of small physical parameters js], ^ that are difficult 
to be directly detected by conventional techniques. Most of these weak mea¬ 


surement can be understood using classical wave mechanic s |10 


one exception in [ll|. Reviews of this hied can be found in [12|, 


a 


with 


Although weak measurement has many applications, its application in 
optomechanics B Bl is seldom investigated. Optomechanical system con¬ 
sists of an optical cavity and a movable mirror. The photons in the cavity 
can give rise to a radiation pressure on the mirror and make it produce a 
displacement. In the weak coupling and when there is only one photon in 
the cavity, the displacement of the mirror is hard to be detected. The reason 
is that the displacement of the mirror caused by one photon is much smaller 
than the width of the mirror wave packet. Recently the standard scenario of 
weak measurement in [l| can be moved to Fock state space and understood 
by Fock-state view j^. And because of this, some of us showed that the 
displacement of the mirror caused by one photon can be amplihed if a weak 
measurement is used and the initial state of the mirror is assumed to be in 
the ground state 1^. The result is obtained by retaining the Kerr phase in 


the Ref. B |. 

In the most discussions about the standard weak measurements, the ini¬ 
tial state of the pointer is assumed to be the ground state and the interesting 
features of weak measurements are usually due to the superposition of sev¬ 
eral pointer states after a near-orthogonal postselection on the measured 
system which can produce the amplihcation effect. The relative phases be¬ 
tween these pointer states play a key role and they can be adjusted through 
the postselection (see Appendix A). As we know that coherent states are 
regarded as classical-like states, naturally we want to know in weak mea¬ 
surement whether there are some new features when the pointer is initially 
prepared in coherent states. In the present paper, we will hrst give a general 
discussion about weak measurements that use a coherent state as the initial 
state of the pointer. It will be shown that there is a hre-new physical mech¬ 
anism for weak measurements that have an initially coherent state pointer. 
It is regarded as a new mechanism because the relative phases between the 
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pointer states after the postselection, i.e., coherent quantum superposition 
[l8|, can be due to the noncommutativity of quantum mechanics induced by 
a coherent state pointer, which is different from the standard weak measure¬ 
ment [l|, 1^ where the relative phases are prepared through the postselection 
(see Appendix A), and this physical mechanism is a general result for weak 
measurement with a coherent state pointer. 

As an example we will consider a weak measurement with a coherent 
state pointer in optomechanics. The weak measurement we will consider use 
the same optomechanical model in Ref. [l^ and the mirror amplification 
is discussed. We hnd there are following new features about the obtained 
amplihcation with a coherent state pointer. (1) The maximal amplification 
of the displacement of the mirror can reach the level of the ground-state 
fluctuation and occur at time near zero, which is very important for bad 
optomechanical cavities, i.e., sideband resolution is small, and because of 
this, the implementation of our scheme is feasible in experiment. (2) The 
relative phase between two mirror states after an orthogonal in this paper 
is caused by the noncommutativity of quantum mechanics and the relative 
phase in Ref. [l^ is caused by the Kerr phase generated by the evolution 
of the Hamiltonian 19. ^ . 


Therefore, the gene ration mechanisms of the 
relative phases in this paper and the Ref. are different. Moreover, 

this conclusion in the Ref. [l^ is a special case of the weak measurement 
amplihcation since it can only appear in the optomechanical system. 

The structure of our paper is as follows. In Sec. II, we give a general 
discussion about weak measurement with a coherent state pointer. In Sec. 
Ill, we present a scheme for implementation of weak measurement with a co¬ 
herent state pointer in optomechanics, and In Sec. IV, we give the conclusion 
about the work. 


2. Weak measurement amplification with a coherent state pointer 

In the standard scenario of weak measurement, the system to be measured 
is usually a two-level system and the pointer is a continuous system. The 
Hamiltonian between the pointer and the system is given in general as 

H = hx{t)a^<^p, (1) 

where is an observable of the system to be measured, p is the momentum 
operator of the pointer and x{t) is a narrow pulse function with integration 
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X- Suppose q is position operator of the pointer that is conjugates to p, 
therefore there is [q,p] = ih. As in Ref. j^, if dehning an annihilation 
operator c = + ijp, where a is the zero-point fluctuation of the pointer 

ground state, the Hamiltonian of Eq. o can be rewritten as 


£j r- --tN 

H = -I— - 0 - 2(0 -&). 

la 


( 2 ) 


Here we further considered the initial pointer state is a coherent state la) 
instead of the ground state |0)m in j^. Suppose the state |-|-) = :^(|0)s-|-|l)s) 
is the initial state of the system, where |0)s and |l)s is eigenstates of a^- Then 
the time evolution of the total system is given by 


e ^= exp[-? 7 o- 2 (c - c^)]|-F)|a) 

= -^i\0)sD{p)D{a)\0)^ 

+ |l),D(-p)D(a)|0)J, (3) 

where P = assumed to be very small, D{p) = exp [pc’! — p*c] is the dis¬ 
placement operator and we have used |a) = Zi)(a)|0)m- When the orthogonal 
postselection |—) is performed for the system, i.e., (—1+) = 0, then the hnal 
state of the pointer becomes 

IV>)m = \[D(r,)D(a)\aU - D(-i)D[a)\0)^) (4) 


For the sake of making the analysis simple, we can displace the state of 
Eq. dH) to the origin point in phase space, dehning \x)m = -Dl(a))|'0)m and 
there is 


\XU = i(e-‘^C(i))|0>„ - e‘»D(-(,)|0)„.), (5) 


where the phases and with p = —ip{a — a*) are obtained by us¬ 
ing the property of the displacement operators D{a)D{(3) = exp[a/3* — 
a*(3]D{(3)D{a), namely, the relative phase is caused by the noncom¬ 
mutativity of quantum mechanics. In other words, the relative phase is 
induced by a coherent state pointer since it is a quantum pointer. It is obvi¬ 
ous that the superposition state in Eq. ((5]) is known as ’’Coherent Quantum 
Superposition” since there is a relative phase. 

For a weak measurement, the pointer states in Eq. ([5]) overlap signih- 
cantly. In order to detailedly observe overlap of the pointer states in Eq. ([S]) 
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and when 1 and 77 <C 1, we can then perform a small qnantity expansion 
abont T] and (p till the hrst order, then 


\x)m ~ ^{{1 -iip)[l -r]{c- C^)]\0)m 

- {l + ip)[l +T]{c- C^)]\0)m) 

^ -ip\0)m + v\^)m- (6) 


This show that the uniqne advantage of the amplihcation using coherent 
state pointer in weak coupling regime, where the relative phases caused by 
the noncommutativity of quantum mechanics is achievable for the supposition 
of |0)m and |l)m of the pointer on orthogonal postselection, in sharp contrast 
to the fact that only |l)m of the pointer is generated using the ground state 
pointer on orthogonal postselection [H, (see Appendix A). Therefore, from 
the origin of the relative phase and the supposition state of Eq. (E]) induced 
by the relative phase, we can see clearly that the measuring device (the 
pointer) with a coherent state have an effect on the postselection for the 
system in weak measurement, which is not studied before. 

The average displacement of the pointer position q is 


{<1) 


{X\mq\x)m 

{X\x)m 


(0|g|0)m 


(7) 


In a similar way, the average displacement of the pointer momentum p is 


(P) 


{x\mV\x)m 

(Xlx)m 


(0|p|0)^ 


( 8 ) 


So in this case of the orthogonal postselection, i.e., (—1+) 
that 


«) = 0 . 


0, we can End 


(9) 


and 


h 2pri 

2a + rf 


( 10 ) 


From Eq. ([9]) and Eq. ffTOj) . it can be seen that {q) is zero in position space 
and {p) is non-zero in momentum space since \x)m is a supposition state. 
Such a result originates from non-zero relative phase in Eq. (|5]) caused 
by the noncommutativity of quantum mechanics. We note that when a is a 
real number there is = 0 and the displacement of the pointer momentum 
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is zero, which is the same result as a ground state pointer on non-orthogonal 
postselection 0,0 (see Appendix A). 

As is known to all, in standard weak measurement theory 0,0, the rela¬ 
tive phase between two different pointer states can be made through proper 
near-orthogonal postselection if the pointer is initially assumed to be in the 
ground state (see Appendix A), but this conclusion is not applicable to the 
condition of orthogonal postselection and in this case the displecement of 
the pointer is zero. However, our result shows that when the pointer is ini¬ 
tially prepared in a coherent state, it is after an orthogonal postselection 
that the relative phase between two different pointer states, i.e., coherent 
quantum superposition, can be caused by the noncommutativity of quantum 
mechanics. It is because of the relative phase caused by the noncommuta¬ 
tivity of quantum mechanics that the interference of two different pointer 
states after an orthogonal postselection can produce a large displacement 
of the pointer. Therefore this perspective provided here show us a fire-new 
physical mechanism about the weak measurement compared to the standard 
weak measurement theory 0 0 and this physical mechanism is a general 
result for coherent state pointer. 


3. Implementation in optomechanics 

In the following we will consider an weak measurement model in optome¬ 
chanical system where the initial state of the pointer (a mirror) is prepared 
in a coherent state. 


3.1. The optomechanical model 

We first consider the optomechanical system shown in Fig. 1(a), which 


evolves under the following Hamiltonian |l9l. |20 


H = hwoo^a + hWmC^c — hga}a{c^ -|- c). 


( 11 ) 


where h is Plank’s constant, cuq and a are angular frequency and annihilation 
operator of the optical cavity mode, respectively, c is annihilation operator of 
mechanical system with angular frequency Um, and the optomechanical cou¬ 
pling strength g = ^cr, where L is the length of the cavity, a = {h/2mUmY^‘^ 
is the zero-point fluctuation and m is the mass of mechanical system. 

If the initial state of the mirror is prepared at the coherent state |a) and 
one photon is input to the optomechahical cavity, then the mirror state will 
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evolve as follows jl9l. l20j : 




( 12 ) 


where is the Kerr phase of one photon with cf){t) = — smoj^t), 

= exp[,^(t)c^ — ^*(t)c] is a displacement operator with ^{t) = k{l — 


^), (p{t) = ae- 


and k = g/uim is the scaled coupling parameter. If 


no photon is input to the optomechahical cavity, the mirror state will be the 
coherent state \ip{t))m- The position displacement of the mirror caused by 
one photon is ('0(C) Vi l?l'0(C) Vi^)) — {v{'t)\q\vit)) with q being the position 
operator. It can be shown that the displacement can not be bigger than 
Aka for any time t. Since k = g/um can not be bigger than 0.25 in weak 


coupling condition [2l|], then the position displacement of the mirror caused 


by one photon can not be bigger than the zero-point fluctuation a. From the 
literature we know that if the displacement of the mirror can be detected 
experimentally it should be not smaller than a. Therefore, the displacement 
of the mirror caused by one photon can not be detected. In the following we 
will show how the weak measurement with coherent state in optomechanics 
can amplify the mirror’s displacement. 


3.2. The optomechanical model embedded in the interferometer 

Now consider a March-Zehnder interferometer which is shown in Fig. 
1(b). The optomechanical cavity A is embedded in one arm of the March- 
Zehnder interferometer and a stationary Fabry-Prot cavity B is placed in 
another arm. The two beam splitters are both symmetric. The Hamiltonian 
of optomechanical system is expressed as followed: 

H = fiujQ{afa + b^b) + hUmC^c — hga^a{c^ + c), (13) 

where b is annihilation operator of the optical cavity B. Other parameters are 
the same as before. Here it is a weak measurement model where the mirror 
is used as the pointer to measure the number of photon in cavity A, with a^a 
of the Eq. flT^ corresponding to az in Eq. ([1]) in the standard scenario of 
weak measurement and c -I- corresponds to p. 

Suppose that one photon is input into the interferometer, the state of the 
photon after the hrst beam splitter becomes 

|*) = 4(|1>/i|0>b+|0>4|1>b), (14) 
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Bright port 


Tiny Mirror 



(a) 



Figure 1: (a) The optomechanical cavity, (b) The detection device with weak measure¬ 
ment: the photon enters the first beam splitter, followed by an optomechanical cavity A 
and a conventional cavity B. The photon weakly excites the small mirror. After the second 
beam splitter, dark port is detected, i.e., postselection is achieved in weak measurement 
where the mirror has been excited by a photon, and fails otherwise. 


and after interacting weakly with the mirror prepared at coherent state |a), 
a = |Q:|e*®, where |q:| and 6 are real numbers called the amplitude and phase 
of the state, respectively, the state of the total system is 

l^omW) = a\ 0)t))m + \0)A 

\l)B\At))m), (15) 

When the photon is detected at dark port, i.e., in the language of weak 
measurement [l^ the postselected state of the single-photon is 

I'A/) = ^(|1)a|0)b-|0>4|1>b), (16) 

which is orthogonal to liJi). Then the final state of the mirror becomes 

l^o.(t)) = (17) 

For the sake of making the analysis simple, we can displace the state of Eq. 
m to the origin point in phase space, defining \Xosit)) = D'^{ip{t))\'^osit)) 
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(a) 


(b) 


Figure 2: (a) The average displacement {q{t))/a with k = 0.005 for different amplitudes 
|a| and different phases 9 [|a| = 1/2 and 0 = 0 (blue-solid line), |a| = 1 and 9 = irj3 
(red-dotted-dashed line), |a| = 2 and 9 = (green-dashed line), and |a| = 4 and 

9 = n/2 (black-dotted line)], (b) The average displacement {q{t))/a with k = 0.005 for 
different amplitudes ja] and different phases 9 [ja] = 1/2 and 9 = tt (blue-solid line), 
jaj = 1 and 9 = 47r/3 (red-dotted-dashed line), jaj = 2 and 9 = 177r/12 (green-dashed 
line), and jaj = 4 and 9 = 37r/2 (black-dotted line)]. 


and there is 


IXo.(t)) = -{exp[i(j){t) + i(j){a,t)]\^{t))m - |0)„^), 


(18) 


where the phase with (p{a,t) = — ^*(t)v5(t))] is a relative 

phase between the coherent state |^(t)) and the ground state |0), and it is 
obtained through the property of the displacement operators D{a)D{{3) = 
exp[a(3* — a*f3]D{(3)D{a), i.e., the noncommutativity of quantum mechanics. 


And by the way, in the Ref. the relative phase between two mirror states 


after an orthogonal postselection is caused by the Kerr phase due to the 
evolution of the Hamiltonian [l^, and leads to the amplihcation. This 
can only appear in the optomechanical system and it can be said to be a 
special case of the amplihcation. But the amplihcation caused by the phase 
due to the noncommutativity of quantum mechanics is a general result for 
coherent state pointer. 

Next, we will show how the amplihcation of the displacement of the mirror 
is generated via this relative phase 
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3.3. Amplification about position variable q via coherent state pointer 
The average displacement of pointer variable q of the mirror is 


{q) = 


os{t)\q\^ osjt)) 


which will be 


{q) = 


Tr{\xos{t)){Xos{t)\q) 

Tr{\xos{t)){Xos{t)\) 


{ip{t)\q\ip{t)), 


Tr{0)m{0\mq)- 


( 19 ) 


( 20 ) 


It is clearly that through Eq. flTSl) we can obtain the average displacement 
of the mirror’s position q and as a result we have 


luor 


{(lit)) = (^[^{t) + Cit) - e 2 (e 




i€wr 


m 




X 




( 21 ) 


where the phase is the relative phase from the noncommutativity of 

quantum mechanics we mentioned in the previous subsection. 

The average displacement {q{t))/a of the mirror is shown in Fig. 2 as a 
function of time Um,t with k = 0.005 for different coherent states \a = |a|e*®). 
It is clear from Fig. 2 that the amplihcation occurring near ujmt = 0 can 
reach the strong-coupling limiting (the level of the ground-state fluctuation) 
01 (?) = <7 or —a. This result is very important for bad optomechanical 
cavities where its decay rate is very large so that the photon will have a large 
probability to leak out from the cavity within a very short time. And the time 
interval where there are large amplihcation around LOmt = 0 is broad for some 
coherent states and therefore can be easier to be detected, which is contrast 
to the time interval of amplihcation around Umt = 0 in Ref. 1^ where it is 
very narrow. Note that the maximal displacement of the mirror caused by 
one photon in the cavity (see Fig. 1(a)) is Aka and the displacement achieved 
here can be a or —a using weak measurement, therefore the amplihcation 
factor can be Q = ±l/4fc which is ±50 when k = 0.005. 


3 . 4 . Small quantity expansion about time for amplification 

To study the amplihcation ehects occurring near = 0, for Eq. flTS]) 
we can then make a small quantity expansion about time 0 till the second 
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order. Suppose that Umt 1, and fc 1, then 

\Xos{t)) ^ ^[ikuJmt\l)m + i‘^k\a\{ ^‘^'^'^ sin 6 > 

+ a;mtcos6')|0)m], (22) 

which is a superposition of | 0 )m and |l)m and the amplitude of | 0 )m is due to 
the relative phase caused by noncommutativity of quantum mechanics 

when we use a non-zero coherent state (|a| 7 ^ 0). The superposition of |0)m 
and \ l)m is the key to obtain amplihcation. From Appendix A, we know that 
when ^ 

kumt =‘ik\a\{ ^ sin 6 ^ + cumtcos(23) 
the displacement of the mirror can reach the maximal value a, and when 

kojmt = sin^-f cos 6 ^) (24) 

the displacement of the mirror can reach the minimal value —a. Hence, the 
mirror state achieving the maximal positive amplihcation is :^(| 0 )m + |l)m) 
and the one achieving the maximal negative amplihcation is :^(| 0 )m — |l)m)- 
We emphasis that the superposition of |0)m and |l)m achieved here is through 
an orthogonal postselection that is impossible in the standard weak measure¬ 
ment with an orthogonal postselection (see Appendix A). The superpostion 
achieved here is due to the noncommutativity of quantum mechanics and the 
superpostion in the standard weak measurement is due to the non-orthogonal 
postselection (see Appendix A), therefore it is a new mechanism for weak 
measurement. Substituting Eq. (|22l) into Eq. (]20|) . the average value of 
displacement operator q is given by 

= cr[4/cVl((^mt)^cosg+ 

sm.6))]/[k'^{uJmtY + 4,k'^\a\^{ujmt 

cos 6 ^-I- sin 6 ')^], (25) 

which is plotted in Fig. 3 for diherent coherent state \a = |a|e*^) with 
k = 0.005 and ujmt = 0.001. 
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<q(t)>Aj- 
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Figure 3: The average displacement {q{t))/a as function of amplitude |q:| and the phase 0 
with k = 0.005 and time ujmt = 0.001. 


3.5. Amplification about position variable q based on the dissipation. 

Taking into account of dissipation, the master equation of the mechanical 
system 20 | is given by 


dp(t) 

dt 


'^{2cp(t)V - Vcp(t) - p(t)clc], 


( 26 ) 


where is the damping constant. And the above master equation have 
an analytical solution for the evolution of the mechanical system, which is 


obtained by the method in Ref. [20 


If steps corresponding to those of Eqs. (lT4|) - flT6|) are carefully carried out 
in this case, then the final state of mirror becomes 


+ \Po{3,'t))m{Poh,'t)\m], (27) 


where 7 = and (fnil, t) = ae h+7/2)t*.>mi — e (*+7/2)^^*^ = 
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Figure 4: For |a| = ^ and 9 = 7 r/ 4 , (a) the average displacement {q{t))/a is as a function 
of Umt with k = 0.005, 7 = 0 (solid line) and 7 = 0.005 (dashed line), (b) the average 
displacement {p{t)) / h{2a)~^ is as a function of uimt with k = 0.005, 7 = 0 (solid line) and 
7 = 0.005 (dashed line) 


0,1) are the amplitude of the coherent states of the mirror and 




k'^'j 


2(1 + 774) 


[uJmt + 




7/2 


1 e 
- + 


7 


i + 7/2 


(28) 


The relative phase e*'^h)++(“.i)/2 between the coherent states |+i(7, t)) and 
1 + 0 ( 7 , t)) is composed of the Kerr phase and the phase obtained 

by interchanging two displacement operators. 

Substituting Eq. (|27)) into Eq. (|20|) using pmif) and 7o(7,^)) instead of 
IXos(t)) and |0), respectively. As a result, we have 


(q{t)) = a[+i( 7 ,t)+ +i( 7 ,f)-e 2 

^ ^g+(t)++(a,t)/2+ir-D(7,t) ^ 

_|_ g-(+(i)++(«4)/2+*r)-D(7,q 

+ + 0 ( 7 ,^)))+ + 0 ( 7 ,^)+ +S(7,^)]/[2 

_ ki(7,0-^o(7,OP ^^i^(t)+i^(^a,t)/2+ir-D{^,t) 

_|_ g-(+(b++(«4)/2) g-iT-Z)(7,q ^ j 


where r = Re 93 o(^)Ini+i(t) — Im(y 5 o(t) Re+i(t). 

The average displacement {q{t))/a of the mirror is shown in Fig. 4(a) as 
a function of ojmt with k = 0.005, 7 = 0 (solid line) and 7 = 0.005 (dashed 
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(a) 



(b) 


Figure 5: (a) The average displacement {p{t))/h{2a)~^ with k = 0.005 for |a| = 4, 0 = 0 
(black-dotted line) and 9 = tt (red-solid line), (b) The average displacement {p{t))/h{2a)~^ 
with k = 0.005 for |q;| = 1/2, 9 = 7r/2 (blue-dotted-dashed line) and 9 = 37r/2 (green- 
dashed line) 


line). It can be seen from Fig. 4(a) that all the amplification values in the 
presence of the damping are reduced (dashed line), but the actual 7 can be 
very small (7 = 5 x 10“^ in [l^). The result for 7 = 5 x 10“^ is almost the 
same as the one for 7 = 0. 


3.6. Amplification about momentum variable p via coherent state pointer 

Next, without loss of generality, we would like to discuss the amplifi¬ 
cation of the momentum variable p of the mirror in presence of damping. 
Substituting Eq. fl27|) into Eq. fl20|) using p instead of g, then we have 


/ ^ r / pi(7,t)-yo(7,t)d 

(pW) =- ¥^1(7,^) - e 2 

/ */ ,\1 |yi(7,t)-<Pn(T,t)l^ 

+ (^0(7,^)-<^0(7, ^)]/[2-e 2 


(30) 


The average displacement {p{t))/^ of the mirror momentum is shown 
in Fig. 4(b) as a function of time Umt with k = 0.005, 7 = 0 (solid line) 
and 7 = 0.005 (dashed line). It can be seen that the maximal amplihcations 
occur at time ojmt = (2n -|- l)7r (n = 0,1,2, •••) and can reach the level 
of the ground state fluctuation |2l(] (p) = — So the amplification of the 
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displacement of the mirror momentum caused by one photon can be detected 
in principle. We can also see from Fig. 4(b) that all the amplification values 
are reduced (dashed line) in t he p resence of damping. But because the actual 
damping 7 (7 = 5 x 10“^ in [l7|) in optomechanical cavity is very small, so 
the amplifications is barely affected by the damping. 

Based on Eq. flTB]) . we can also make a small quantity expansion about 
time ojrnt = tt till the second order. Suppose that \u)rnt — 7r| 1, and /c <C 1, 

then 

\Xos{t)) ^ ^[2k\l)m + i‘2k\a\{2sme - {Umt - tt) 

cos6'))|0)m], (31) 

where the hrst term of Eq. fET]) are generated by the amplitude ^{t) of 
coherent state |^(t)), while the second term is due to the relative phase 
caused by the noncommutativity of quantum mechanics. Based on 
Eq. dni]), when 

±2k = 2k\a\{2sm6 — {umt — vr) cos 6), (32) 

we can obtain the maximal value ^ and minimal value — respectively. So 
the key to understand the amplification is the superposition of the vacuum 
state and one phonon state of the mirror, which is due to the relative phase 
caused by the noncommutativity of quantum mechanics. 

Fig. 5(a) shows {pit))/-^ for the amplitude |a| = 4, the phase 6 = 
0 (black-dotted line) and vr (red-solid line). We can see from Fig. 5(a) 
that the maximal amplification value occur around time Umt = (2n -|- l)7r 
(n = 0,1,2, ••■). It is clear that the maximal amplification around time 
ujmt = {2n -|- l)7r {n = 0,1,2, •••) can be explained by the expression of 
Eq. (j32j). Fig. 5(b) shows {pit))/^ for the amplitude |a| = 1/2, the phase 
9 = tt/2 (black-dotted line) and 37r/2 (red-solid line). In Fig. 5(b), we 
find that the maximal amplihcation value occur at time Umt = {2n -|- l)7r 
(n = 0,1, 2, • • ■). In the same way, it can also be explained by the result 
of Eq. (15^ . In one word, the maximal amplification is caused by the equal 
superposition of |0) and |1), due to the presence of the relative phase caused 
by the noncommutativity of quantum mechanics. 

3. 7. Discussion 

For the feasibility of the proposed scheme, we consider the experimen¬ 
tal experiments from two aspects. First, the mechanical oscillator (mirror) 
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Figure 6: For |Qf| = 1/2 and 0 = 0 with k = 0.005, Photon arrival probability density vs 
arrival time for a successful postselection with n = ujm (green line), k = 5ujm (red line) 
and K = lOwm (blue line) 


of our device is initially prepared in coherent state. Coherent state of the 
mechanical oscillator has been prepared with itinerant microwave helds 
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We shall show that how the photon arrival rate density varies with time 
after the single photon is detected at the dark port. The probability density 
of a photon being released from the optomechanical cavity after time Umt is 


K,exp{—Kt), 


(33) 


where k is the decay rate of the cavity. The probability of a successful post¬ 
selection being released after Umt is |(1 — exp[—cos[0(f) -l-0(a, t)]). For 
k ^ 1, this is approximately 

+ ( 34 ) 

Let us multiply Eq. fl33|) and Eq. fl3T|) . then we obtain the photon arrival 
rate density in optomecanical cavity 

■^exp{-Kt){\^{t)\'^ + (35) 

where P is overall single photon probability of the state in Eq. (ITSl) : 

1 r°° 

P = -J Kexp{-Kt){\^{t)\‘^ + (j){a,tf)dt 

= ^{2k^ + 5u‘^)/{k‘^ + 5k^u'^ + 4:U^) (36) 
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when |«| = I and 6* = 0. 

Fig. 6 show that the photon arrival rate density. It can be seen clearly 
that in the bad-cavity limit k > and as the decay rate of the cavity k 
increases, such as k = lOum, the photon arrival rate density increasingly 
distributes mainly at time t near 0 where it is very narrow. Because of the 
photon arrival rate density concentrating near the zero time (blue line) in 
Fig. 6 and the maximal amplihcation occurring at time t near 0 (blue solid 
line) in Fig. 2, for a repeated experimental setup with identical conditions, 
the ’’average” position displacement of the pointer is given by 


(Qit)) = 


- / 
Jo 

= 0.98(7, 




(37) 


where {q(t)) is the same as {q(t)) of Eq. (1^ . In principle, this result can be 
experimentally detected since it is almost close to the strong coupling limit 
^ |. i.e., the level of vacuum-state fluctuation a. 

The second, for the above analysis, we discuss experimental requirements 
for the optomechanical device. Here we need k is high enough so that the 
probability of successful postselection is common which depends on the dark 
count rate of the detector and the stability of the setup. As shown in Eq. fl5^ . 
the probability of successful postselection in an optomechanical device with 
K = lOcPm is approximately O.Olfc^. The window in which the detectors will 
need to be open for photons is approximately I/k, leading to a requirement 
that the dark count rate be lower than O.OI/c^k. Because the best silicon 
avalanche photodiode have dark count rate of ~ 2 Hz, so we get k > 0.0033 
for a 450 kHz device with k = lOuJm- Therefore, for Proposed device no. 
2 0 , we need to change some parameters, including mechanical frequency 
fm = 450 kHz and sideband resolution k = lOcJm, implying that the optical 
hnesse F in Proposed device no. 2 is reduced to 3.33 x 10^. Other parameters 
do not change. Such an optomechanical cavity is easily to be prepared under 
the current conditions. Therefore, the implementation of the scheme provided 
here is feasible in experiment. 


4. Conclusion 

In conclusion, we have investigated the weak measurement amplification 
with a coherent state pointer. It is regarded as a fire-new mechanism because 


17 




the relative phases between the pointer states after the postselection can be 
due to the noncommutativity of quantum mechanics, which is different from 


the standard weak measurement [1|, where the relative phases are prepared 
through the postselection. We find that the maximal amplification of the 
displacement of the mirror’s position in optomechanical system can occur 
near Umt = 0, which can’t be achieved if the mirror is initially prepared in 
the ground state 1^. This result is very important for bad optomechanical 


cavities, and because of this, the implementation of our scheme is feasible 
in experiment. So these results extend application of weak measurement 
in optomechaical system and also deepen our understanding of the weak 
measurement. 
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Appendix A. Weak measurement with a ground state pointer 

In Ref. j^, they consider the standard weak measurement model con¬ 
sidered in Section II but the initial state of the pointer is assumed to be 
the ground state |0)m- Suppose the state |-|-) = :^(|0)s -|- |l)s) is the initial 
state of the system to be measured, where lO)^ and |l)s is eigenstates of 
According to the Hamiltonian of Eq. ([2]), then the time evolution of the total 
system is given by 

= exp[-r7(T;,(c-c^)]|-h)|0)m 

= ■^^(|0)sD(r7) |0)m 

+ |l).D(-r;)|0)™), (A.l) 

where D{ri) = exp[ric^ — ri*c] with r; = |^ is a displacement operator and 
r] 1. In the weak measurement regime [l| the post-selected state of the 
system is closely orthogonal to the initial state of the system which is usually 
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chosen as £|+) + |—), where |e:| 1. After postselection the hnal state of 

the pointer became 

Wm = -^[(1+e)B(i;)|0)„-(1 

- £)£>(-i,)|0)„|. (A.2) 

When l^l 1 and ?7 <C 1, there is 

|V’)m ~ ^[(l + e)(l-r/(j2(c-c^))|0)m 

- (1 - e)(l - ?7(j^(c - c^))|0)m] 

^ e\0)+7]\l). (A.3) 


Noted that the tiny relative phase e arise from a near-orthogonal postselection 
on the system. Using the expression of the pointer’s displacement 


and 


{q) = 


- (0|mg|0)m, 

(A.4) 

(V’IV’)m 

(p) = 


- (0|mP|0)m. 

(A.5) 

(V’IV’)m 


Hence in this case of the near-orthogonal postselection, i.e., 
can hnd that 


and 


w) = 

+ 7]^ 

(p) = 0 . 


■1+) ^ 0, we 
(A.6) 

(A.7) 


When e = ±7] we will have the largest displacement ±a in position space 
and when e = 0, indicating that the post-selected state of the system is 
absolutely orthogonal to the initial state of the system, i.e., (—1+) = 0, the 
displacement of pointer position is zero. However, the displacement of the 
pointer is always zero in momentum space. 
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